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This paper summarizes our recent studies on modeling ductile fracture in structural materials using the mechanism-
based concepts. We describe two numerical approaches to model the material failure process by void growth and coales-
cence. In the ﬁrst approach, voids are considered explicitly and modeled using reﬁned ﬁnite elements. In order to predict
crack initiation and propagation, a void coalescence criterion is established by conducting a series of systematic ﬁnite ele-
ment analyses of the void-containing, representative material volume (RMV) subjected to diﬀerent macroscopic stress
states and expressed as a function of the stress triaxiality ratio and the Lode angle. The discrete void approach provides
a straightforward way for studying the eﬀects of microstructure on fracture toughness. In the second approach, the void-
containing material is considered as a homogenized continuum governed by porous plasticity models. This makes it pos-
sible to simulate large amount of crack extension because only one element is needed for a representative material volume.
As an example, a numerical approach is proposed to predict ductile crack growth in thin panels of a 2024-T3 aluminum
alloy, where a modiﬁed Gologanu–Leblond–Devaux model [Gologanu, M., Leblond, J.B., Devaux, J., 1993. Approximate
models for ductile metals containing nonspherical voids – Case of axisymmetric prolate ellipsoidal cavities. J. Mech. Phys.
Solids 41, 1723–1754; Gologanu, M., Leblond, J.B., Devaux, J., 1994. Approximate models for ductile metals containing
nonspherical voids – Case of axisymmetric oblate ellipsoidal cavities. J. Eng. Mater. Tech. 116, 290–297; Gologanu, M.,
Leblond, J.B., Perrin, G., Devaux, J., 1995. Recent extensions of Gurson’s model for porous ductile metals. In: Suquet, P.
(Ed.) Continuum Micromechanics. Springer-Verlag, pp. 61–130] is used to describe the evolution of void shape and void
volume fraction and the associated material softening, and the material failure criterion is calibrated using experimental
data. The calibrated computational model successfully predicts crack extension in various fracture specimens, including
the compact tension specimen, middle crack tension specimens, multi-site damage specimens and the pressurized cylindri-
cal shell specimen.
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Engineering structures inevitably contain microscopic defects or crack-like ﬂaws arising from the manufac-
ture and operation processes. These defects and ﬂaws can grow and propagate in the structure under com-
bined loading and environmental conditions, leading to catastrophic failure. Fracture mechanics, which
connects material science and solid mechanics, seeks to provide quantitative methodologies to evaluate
how microscopic defects and structural ﬂaws aﬀect the behavior and integrity of structural components.
The current and future signiﬁcance of a known or postulated population of defects is determined by compar-
ing the material’s resistance to further damage with the driving force for crack propagation caused by the
operating conditions (temperature, loading mode, loading rate, environment, etc.). In a typical analysis, the
driving force is estimated using analytical tools while the material resistance to fracture (‘‘toughness’’) is mea-
sured using laboratory tests on standard (small) specimens (Anderson, 1994). However, the complex material
separation process depends strongly on the local stress and deformation ﬁelds, and therefore, diﬀerences in
geometry, size, crack conﬁguration, loading condition, etc. between actual structural components and labora-
tory test specimens complicate greatly the notions of crack driving force and material resistance to crack prop-
agation. The success of fracture mechanics lies in its ability to combine a theoretical framework with
experimentally measured critical quantities (Hutchinson and Evans, 2000).
Mechanism-based concepts provide key insights for development of ‘‘transferable’’ fracture mechanics
models for damage assessment. Ductile fracture in metallic alloys usually follows a multistep failure process
involving several interacting, simultaneous mechanisms (Van Stone et al., 1985; Garrison and Moody, 1987):
(1) nucleation of microvoids by fracture or decohesion of second-phase inclusions, (2) growth of voids induced
by plastic straining, (3) localization of plastic ﬂow between the enlarged voids, and (4) ﬁnal tearing of the lig-
aments between enlarged voids. Nucleation of voids from large inclusions generally occurs at relatively low
stress levels, and therefore, voids are often assumed to be present in the material at the onset of loading.
The ﬁnal material separation process usually proceeds very rapidly and is often facilitated by nucleation
and growth of secondary microvoids. Based on the fracture mechanism, a straight-forward approach to sim-
ulate the ductile failure process is to model individual voids explicitly using reﬁned ﬁnite elements, e.g., Aravas
and McMeeking (1985a,b), Hom and McMeeking (1989), Tvergaard and Hutchinson (2002), Kim et al. (2003)
and Gao et al. (2005). A distinct advantage of this approach is the exact implementation of the void growth
behavior. It provides an eﬀective method to study the mechanisms of ductile fracture and to analyze the trends
of fracture toughness (Pardoen and Hutchinson, 2003; Gao et al., 2005).
The idea of the discrete void approach is very simple. However, it would require a huge number of elements
to model crack extension in a structural component. Such a ﬁnite element model is far beyond the current
computational capability. As a practical alternative, the porous continuum approach provides an eﬀective
means to predict extensive crack propagation. Various forms of porous material models have been developed
to describe void growth and the associated macroscopic softening during the fracture process. The Gurson–
Tvergaard (GT) porous plasticity model (Gurson, 1977; Tvergaard, 1981, 1982), which assumes voids are
spherical in materials and remain spherical in the growth process, has been widely used in modeling the ductile
failure process and ductile crack extension (Xia et al., 1995; Ruggieri et al., 1996; Gao et al., 1998a,b). But
many processed materials, such as rolled plates, have non-spherical voids. And even for materials having ini-
tially spherical voids, the voids will change to prolate or oblate shape after deformation, depending on the
state of the applied stress. In order to overcome these diﬃculties, Gologanu et al. (1993, 1994, 1995) derived
a yield function for materials containing spheroidal voids. During plastic deformation, both the volume frac-
tion and the shape of voids evolve as deformation increases. Since non-spherical voids are considered in the
constitutive model, preferred material orientation exists and the plastic behavior becomes anisotropic. Kim
and Gao (2005) recently proposed a method to formulate the consistent tangent modulus for general plasticity
models, which is required for preserving the quadratic convergence rate of the global Newton iterations in the
solution of the incremental problem. Using this method, the Gologanu–Leblond–Devaux (GLD) model,
although having a very complicated form, can be easily implemented into the ﬁnite element code. The
GLD model provides an important improvement to the widely adopted GT model in describing void growth
and the corresponding material behavior during the ductile fracture process (Pardoen and Hutchinson, 2000,
2003; Benzerga, 2002; Benzerga et al., 2004; Gao and Kim, 2006).
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on the eﬀect of the hydrostatic stress on fracture. In literature, the stress triaxiality ratio, deﬁned as the ratio
of the hydrostatic stress to the equivalent stress, is often used as the sole parameter to characterize the eﬀect of
the triaxial stress state on ductile fracture. However, multiple stress states with diﬀerent principal stress values
can result in the same stress triaxiality ratio. Recent studies by Kim et al. (2003, 2004), Gao et al. (2005) and
Gao and Kim (2006), found that the macroscopic stress–strain response and the void growth and coalescence
behavior of the voided RMV are diﬀerent for each stress state even though the stress triaxiality ratio remains
the same. Therefore, another parameter, e.g., the Lode parameter, should be introduced to distinguish stress
states having the same triaxiality ratio. Kim et al. (2003, 2004), Gao et al. (2005) and Gao and Kim (2006)
have demonstrated the signiﬁcant eﬀects of the Lode parameter on the ductile fracture process. Wierzbicki
and Xue (2005) address this issue with a similar approach by proposing a ductile failure criterion as a function
of both the ﬁrst and third stress invariants.
This paper discusses both the discrete void approach and the porous continuum approach to model ductile
fracture. We consider the occurrence of material failure (void coalescence) to be when localization of plastic
ﬂow takes place in the inter-void ligament (Koplik and Needleman, 1988) and we obtain the failure criterion as
a function of the stress triaxiality ratio and the Lode angle by conducting systematic ﬁnite element analyses of
the void-containing RMV subjected to diﬀerent macroscopic stress states. Using the small scale yielding
(SSY), boundary layer model (Rice, 1974) with discrete voids represented in the crack tip region by reﬁned
ﬁnite element mesh, two void growth mechanisms, void-by-void growth and multiple void interaction, are
studied. With the material failure criterion obtained from unit cell analyses, the eﬀects of the initial relative
void spacing, void pattern, void shape and void volume fraction on ductile fracture toughness are investigated.
Finally, a numerical approach is proposed to predict ductile crack growth in thin panels of a 2024-T3 alumi-
num alloy, where the GLD model is used to describe the void growth process and the material failure criterion
is calibrated using experimental data. The calibrated computational model is applied to predict crack exten-
sion in specimens having various initial crack conﬁgurations and the numerical predictions agree very well
with experimental measurements.
2. Modeling ductile fracture using explicit void representation
This section presents a computational approach to model ductile fracture using explicit void representation.
An array of voids ahead of the crack front is explicitly modeled using reﬁned ﬁnite elements to understand the
nature of void growth and diﬀerent ductile failure mechanisms. A crack initiation and growth criterion is
established based on the results of extensive unit cell analyses. And ﬁnally, the eﬀects of the initial relative void
spacing, void pattern, void shape and void volume fraction on ductile fracture toughness are discussed.
2.1. The SSY boundary layer model
The small scale yielding (SSY), boundary layer model simpliﬁes the generation of numerical solutions for
crack problems. Here it assumes that the plastic zone size is small comparing to the geometric dimensions of
the specimen. Fig. 1(a) shows a periodical distribution of voids in the plane of crack propagation. In an
attempt to rationalize fracture behavior, a local coordinate system is set up such that the x-axis represents
the crack propagation direction, the y-axis represents the crack opening direction and the z-axis represents
the thickness direction. Considering the existence of symmetry about the crack plane, only half of the region
needs to be modeled. Except near free surfaces the deformation in the thickness direction can be assumed peri-
odically symmetric. Neglecting the free surface eﬀect allows us to apply the periodic boundary conditions and
consider half of the void spacing distance in the thickness direction only, Fig. 1(b).
Fig. 2 (a) shows a typical ﬁnite element mesh of the SSY model. Close-up of the crack tip region is shown in
Fig. 2(b) and (c) for ﬁnite element modeling containing one row and two rows of voids, respectively. A typical
mesh containing two rows of voids consists of 18,000 20-node, isoparametric, brick elements (86,000 nodes)
with reduced integration. With the assumption of the periodic void distribution, it is natural to consider
the material ahead of the crack front as an array of unit cells with each unit cell containing a void at its center.
The ratio of the void volume to the volume of the cell (including the void) deﬁnes the void volume fraction of
Fig. 2. (a) A typical ﬁnite element mesh of the SSY model. (b) Close-up of the crack tip region containing a row of ﬁve voids. (c) Close-up
of the crack tip region containing two rows of voids.
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Fig. 1. (a) Periodical distribution of voids in the plane of crack propagation. (b) Domain of the boundary value problem.
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the ﬁnite element mesh contains an initial root radius at the crack tip. numerical solutions are generated by
imposing displacements of the elastic, asymptotic mode I ﬁeld (plane strain) on the outer circular boundary.
Three types of initial void shapes, spherical shape, prolate shape, and oblate shape, are considered. Fig. 3
shows the geometrical representation of the voids. The prolate and oblate voids are assumed to be axisymmet-
ric about the y-axis and an initial aspect ratio is deﬁned as W0 = R0y/R0x. Therefore, W0 = 1 corresponds to
the spherical shape, W0 > 1 corresponds to the prolate shape, and W0 < 1 corresponds to the oblate shape.
Several initial void arrangements are considered in this study. The spacing between adjacent voids in the
crack propagation direction is denoted as X0, which is the same as the distance from the ﬁrst void to the crackx
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y
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Fig. 3. Geometric representation of voids: (a) spherical void, (b) prolate void, and (c) oblate void.
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the void spacing in the y-direction to the void spacing in the x-direction, k0 = Y0/X0, measuring the relative
void spacing. The initial void volume fraction is computed as f0 ¼ 4pR2xRy=ð3X 20Y 0Þ. The numerical analyses
in this study are carried out using the ﬁnite element program ABAQUS (2001), which employs a ﬁnite strain
and an updated Lagrangian formulation.
2.2. Two void growth mechanisms
Our analyses conﬁrm the existence of two distinct void growth mechanisms, i.e., void-by-void growth mech-
anism for materials containing small initial void volume fractions and multiple void interaction mechanism for
materials containing large initial void volume fractions. As an example, Fig. 4 shows the deformed meshes for
two models each containing one row of initially spherical voids. The initial void volume fraction values are
f0 = 0.0013 and 0.014, respectively. The material chosen for this analysis has a Young’s modulus (E) of
200 GPa, Poisson’s ratio (m) of 0.3 and yield stress (r0) of 600 MPa and obeys a power-law hardening (true)
stress–strain relation with the hardening exponent N = 0.1. The deformed mesh of the f0 = 0.0013 model at an
applied load level of J/(X0r0) = 2.73 is shown in Fig. 4(a) and the deformed mesh of the f0 = 0.014 model at an
applied load level of J/(X0r0) = 0.98 is shown in Fig. 4(b), where J is Rice’s J-integral. In Fig. 4(a), only the
ﬁrst void from the crack tip has signiﬁcant volume increase while in Fig. 4(b), the volumes of several voids
increase simultaneously.
Our further analyses reveal that, besides the initial void volume fraction, other factors also aﬀect the void
growth mechanism when the initial void volume fraction is large. Existence of the second row of voids as
shown in Fig. 2(c) reduces the interaction among voids on the crack growth plane and delays the transition
from void by void growth mechanism to multiple voids interaction mechanism. Increase of k0 (relative void
spacing) intensiﬁes the interaction among neighboring voids and facilitates the transition from void-by-void
growth mechanism to multiple void interaction mechanism. A change of the void distribution pattern by shift-
ing the positions of second row voids does not aﬀect the growth rates of voids in the plane of crack propaga-
tion. Our results also show that when other parameters are the same, the oblate void grows faster than the
spherical void and the spherical void grows faster than the prolate void.
2.3. Void coalescence criterion
In order to simulate crack formation and propagation, a criterion for void coalescence is required. After the
onset of void coalescence, the material loses load carrying capacity rapidly. The criterion for onset of void
coalescence can be obtained by conducting systematic ﬁnite element analyses of the void-containing RMV
subjected to diﬀerent macroscopic stress states. Consider a RMV containing a void at its center and subjected
to the macroscopic stresses R1, R2 and R3. The stress triaxiality ratio is deﬁned asT ¼ Rh
Re
; ð1Þwhere Rh and Re represent the hydrostatic stress and the equivalent stress, respectively, and the Lode angle is
deﬁned byFig. 4. Deformed ﬁnite element meshes showing two distinct void growth mechanisms.
Fig. 5.
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3
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: ð2ÞKim et al. (2003, 2004), Gao et al. (2005) and Gao and Kim (2006) have demonstrated that both the stress
triaxiality ratio and the Lode parameter have signiﬁcant eﬀects on the ductile failure process. Therefore,
boundary conditions on the outer surfaces of the RMV are prescribed such that the macroscopic parameters
T and h are kept constant during the entire deformation history. By introducing two stress ratios, q1 = R1/R2
and q2 = R3/R2, the nonlinear constraints equations for the three-dimensional stress state can be formulated
following a procedure similar to Faleskog et al. (1998) and Kim et al. (2004). For given values of T and h, a set
of q1 and q2 values can be calculated and the boundary conditions can be imposed according to the nonlinear
constraint equations. Kim (2004) provides details of how the boundary conditions are prescribed. In the cal-
culations performed in this section, it is assumed that R2P R3P R1. This assumption results in the Lode an-
gle in the range of 30 6 h 6 30.
Fig. 5(a) shows a 1/8-symmetric ﬁnite element model for a cubic RMV containing a spherical void and
Fig. 5(b) shows the three-dimensional stress state applied on the RMV. The material ﬂow properties used
in the ﬁnite element analyses represent a typical aluminum alloy, E = 70.4 GPa, m = 0.3, r0 = 345 MPa and
N = 0.14. The initial void volume fraction is taken as f0 = 0.02. The initial size of the RMV is deﬁned as
X0 · X0 · X0 and the deformed lengths in the x-, y- and z-directions are represented by X, Y and Z,
respectively
An axisymmetric loading is considered ﬁrst, where R2P R1 = R3 (h = 30). Fig. 6(a) shows the variation
of X with the macroscopic eﬀective strain (Ee) of the RMV. As loading continues, X gradually decreases. But
when the deformation reaches a certain level, X stops decreasing and remains at a constant value. This implies
that further deformation takes place in a uniaxial straining mode, which corresponds to ﬂow localization in
the ligament between adjacent voids. The shift to a macroscopic uniaxial strain state indicates the onset of
void coalescence. Detailed explanation of the uniaxial straining mode can be found in references Koplik
and Needleman (1988) and Kim et al. (2004). Here we use Ec to denote the macroscopic eﬀective strain at
the onset of void coalescence.
The macroscopic eﬀective stress versus eﬀective strain curve, Fig. 6(b), provides an overview of the compe-
tition between matrix material strain hardening and porosity induced softening. As deformation progresses, a
maximum eﬀective stress is reached (indicated by the ﬁlled circle), and then Re decreases as strain hardening of
matrix material is insuﬃcient to compensate for the reduction in ligament area caused by void growth. As the
macroscopic eﬀective strain reaches Ec (indicated by the open circle), a rapid drop in macroscopic eﬀective
stress occurs. As expected, both the peak stress value and the value of Ec decrease with the stress triaxiality
ratio T, reﬂecting the decrease of ductility.
Most engineering materials contain more than one populations of inclusions and/or second-phase particles.
During the void coalescence process, secondary voids nucleate in the ligament between enlarged primary voids
and rapid growth and coalescence of these secondary voids accelerates the ﬁnal ligament separation. FaleskogX0/2 X,1
Y, 2
Z, 3
2
1
3∑
∑
∑
(a) A one-eighth symmetric ﬁnite element mesh for the RMV containing a centered, spherical void. (b) The stress state applied on
V.
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Fig. 6. (a) Variation of the deformed cell width in x-direction with the macroscopic true eﬀective strain of the cell revealing the shift to
uniaxial straining. (b) Macroscopic true eﬀective stress versus true eﬀective strain of the void-containing RMV displaying the macroscopic
softening. Here the axisymmetric loading is considered so that Exx = Ezz = ln(X)  ln(X0), Eyy = ln(Y)  ln(X0) and Ee = 2/3kEyy  Exxk.
1850 J. Kim et al. / International Journal of Solids and Structures 44 (2007) 1844–1862and Shih (1997) conducted 2D analysis of void coalescence where both primary and secondary voids are rep-
resented using a reﬁned ﬁnite element mesh. Here we assume nucleation of the secondary voids is plastic strain
controlled and the nucleated voids are smeared in the material. It is further assumed that void nucleation
follows a normal distribution as suggested by Chu and Needleman (1980). The GT porous plasticity model
(Gurson, 1977; Tvergaard, 1981, 1982) is used to describe the material behavior after void nucleation and
the f* function introduced by Tvergaard and Needleman (1984) is used to account for the coalescence of sec-
ondary voids and its eﬀect on material failure. Parameters similar to those used by Tvergaard and Needleman
(1984) are employed to describe the nucleation, growth and coalescence of secondary voids. These parameters
are chosen just for the purpose of demonstrating the eﬀect of secondary voids on material failure. No attempt
is made to represent the actual physical values.
Fig. 7 compares the macroscopic eﬀective stress versus eﬀective strain curves between models including and
not including secondary voids. Here several values of stress triaxiality ratio, T = 1/3, 2/3, 1, 1.5 and 2, areEe
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Fig. 7. Comparison of the macroscopic eﬀective stress versus eﬀective strain curves between models including and not including secondary
voids. The material properties are E = 70.4 GPa, m = 0.3, r0 = 345 MPa and N = 0.14, and the parameters for nucleation of secondary
voids are fN = 0.04, eN = 0.1 and sN = 0.05.
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into account. The ﬁlled circles represent the onset of coalescence for models where nucleation, growth and
coalescence of secondary voids are accounted for. It is clear that secondary voids signiﬁcantly accelerate
the void coalescence process. It is worth noting that, for cases having very low stress triaxiality, e.g.,
T = 1/3, coalescence cannot occur without secondary voids.
The calculations presented above only consider the case where the macroscopic stress state subjected by the
RMV is axisymmetric, i.e., R2P R1 = R3 (h = 30). However, as shown in Kim et al. (2004), the Lode angle
has signiﬁcant eﬀect on void growth and coalescence and material failure. Fig. 8 shows the variation of Ec as a
function of T and h: Ec decreases with T but increases with h. It is interesting to note that the curves for
h = 30, 15 and 0 are very close, which suggests that Ec can be approximated as a function of only T
when the Lode angle takes values in this range.
After conducting a series of parameter studies, the following general conclusions can be made about Ec: (1)
Ec decreases as T increases, and the dependency of Ec on T is more pronounced in the low stress triaxiality
range but saturates as T increases to higher level; (2) Ec increases with h in the range 30 6 h 6 30, but
the change in Ec becomes less sensitive to h when 30 6 h 6 0; (3) Ec decreases with f0, the initial volume
fraction of the primary void; (4) nucleation, growth and coalescence of secondary voids accelerate the ligament
failure process and reduce Ec; and (5) Ec increases with W0, the aspect ratio of the primary void. For a given
material, the failure criterion can also be expressed as the critical void volume fraction (fc) or the critical lig-
ament reduction ratio (vc) as a function of T and h.
Results displayed in Fig. 8 can be represented as 3D plots as shown in Fig. 9. The surface representing func-
tion Ec(T,h) is referred to as the failure surface. Fig. 9(a) and (b) display the failure surfaces obtained for the
two cases, f0 = 0.02 with and without secondary voids, respectively. Therefore, a ductile failure criterion for a
given material can be established asEe ¼ EcðT ; hÞ ð3Þ
where Ee denote the macroscopic eﬀective strain of the RMV. The RMV fails when Ee reaches a critical value
dependent of its stress state characterized by T and h.
With R2 being the major stress component, Fig. 9 shows only a portion of the failure surface for the range
of 30 6 h 6 30, i.e., R2P R3P R1. For the case of R2P R1P R3 (corresponding to the range of Lode
angle 90 6 h 6  30), the failure surface is just a mirror image of the portion shown in Fig. 9.
Fig. 10(a) shows a sketch of the failure surface for the range of 90 6 h 6 30 where h covers a 120 span
on the p-plane. This includes all possible stress states of which R2 is the major stress component.
The stress state for every RMV in a specimen can be diﬀerent, each corresponding to a set of (T,h) values.
Even for the same RMV, the values of (T,h) may change during the loading history. Fig. 10(b) shows aT
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Fig. 8. Variation of Ec as a function of T and h.
Fig. 9. Material failure surface in terms of Ec as a function of T and h. (a) f0 = 0.02 and no secondary voids, (b) f0 = 0.02 with secondary
voids.
Fig. 10. (a) A sketch of the failure surface Ec(T,h) when R2 is the major stress component. (b) A postulated relationship between T and h.
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point on the failure surface indicating the failure strain Ec for this stress state. A locus of failure strain is shown
in Fig. 10(a).
Bao and Wierzbicki (2004) conducted a series of experiments including upsetting tests, shear tests and ten-
sile tests of diﬀerent specimens. The test results reveal a non-monotonic relationship between the failure strain
and the stress triaxiality. The Ec versus T curve has cusps. This phenomenon has been noticed previously, e.g.,
Werner and Gese (2003) reported that fracture strain under equi-biaxial tension (T = 2/3) is larger that the
fracture strain under plane stress (T ¼ 1= ﬃﬃﬃ3p ). These results cannot be explained by conventional wisdom
of failure strain monotonically decreasing with the increase of stress triaxiality. Using the idea of failure strain
dependent of both the stress triaxiality and the Lode angle and with the aid of the failure surface as sketched in
Fig. 10, these experimental results can be easily explained.
A similar failure surface was proposed by Wierzbicki and Xue (2005), expressing the fracture strain as a
function of both the ﬁrst and third stress invariants. The features of Wierzbicki and Xue’s failure surface
are similar to what was described above because one can easily relate the third stress invariant to the Lode
angle.2.4. Fracture toughness
Macroscopic crack initiation is said to have occurred upon coalescence of the growing voids with the crack
tip. For the discrete void model described in Section 2.1, it is easier to use the critical ligament reduction ratio
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the ratio of the current ligament length to the initial ligament length on the crack plane. Readers are referred
to Kim et al. (2004) and Gao et al. (2005) for detailed discussion on the critical ligament reduction ratio. Sim-
ilar to Ec, vc also depends on the stress triaxiality and the Lode parameter. Construction of the function
vc(T,h) for various initial relative void spacing, void shape and void volume fraction follows the same analysis
procedures as described in Section 2.3. The fracture initiation toughness (JIc) is determined as the applied J-
value when the reduction of the ligament length between the ﬁrst void and the crack tip reaches the critical
ratio vc.
Our results reveal that JIc decreases with increasing f0. For the same value of f0, JIc is highest when the ini-
tial void shape is prolate and lowest when the initial void shape is oblate. Existence of the second row voids
and change of void pattern do not result in noticeable diﬀerence in JIc. However, the initial relative void spac-
ing has signiﬁcant eﬀect on JIc. Fig. 11 shows the eﬀects of the initial relative void spacing, void pattern, void
shape and void volume fraction on the fracture initiation toughness of a structural steel having an intermedi-
ate strength and moderate strain hardening. (Here the material properties used in ﬁnite element analyses are
E = 200 GPa, m = 0.3, r0 = 600 MPa and N = 0.1.) These results can be used to explain why various degrees
of fracture toughness anisotropy are observed in industrial alloys.
To model crack growth, the ligament nodes on the symmetry plane are released when the ligament reduc-
tion ratio reaches the critical value vc. This is done in two steps. First, the analysis is stopped when the critical
ligament reduction ratio is reached and a restart ﬁle is written. Next, the analysis is restarted with the ligament
nodes on the symmetry plane being released. A sudden release of the reaction forces at the ligament nodesf0
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Fig. 11. (a) Predicted dependence of the fracture initiation toughness on the initial void volume fraction and void shape (k0 = 1).
(b) Comparison of the predicted fracture initiation toughness values using models containing two rows of voids with those using models
containing one row of voids (k0 = 1). (c) Eﬀect of the initial relative void spacing on fracture initiation toughness.
Fig. 12. Crack growth by releasing ligament nodes.
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zero. The deformed mesh immediately following the release of the nodal reaction forces of the ﬁrst ligament is
shown in Fig. 12. Since the reaction forces, which ensure plastic deformation of the ligament, are removed, a
large portion of the released ligament experiences elastic unloading with only the weakest region undergoing
severe deformation. As the applied load (J) increases, the next ligament reaches the critical reduction ratio and
the ligament nodes on the symmetry plane are released. The process continues and the crack front moves for-
ward. The crack growth resistance curve can be obtained by plotting the value of J at which each ligament
reaches the failure criterion versus the amount of crack length increase.3. A numerical approach to predict extensive ductile crack growth
The explicit approach described above provides an eﬀective method for parameter studies to reveal the
trends of fracture toughness. However, this approach cannot be applied to predict extensive crack extension
in structural components due to the limitation of the current computational power. In this section, we describe
a computational approach based on a porous plasticity model and apply it to predict crack propagation in
thin panels of a 2024-T3 aluminum alloy. The idea is similar to the computational cell approach used by
Xia and Shih (1995) and Gao et al. (1998a,b). The fracture process zone is modeled using a layer of void-con-
taining cell elements and the GLD model is used to describe the void growth process. The onset of coalescence
is deﬁned using the criterion developed in Section 2.3, i.e., Ee = Ec(T,h), where Ee represents the macroscopic
eﬀective strain of the cell. The post-coalescence behavior is modeled using an approach similar to that of
Tvergaard and Needleman (1984). Finally the numerical approach is applied to predict crack growth in thin
panels of a 2024-T3 aluminum alloy. The expression for Ec is calibrated using experimental data and the cal-
ibrated computational model is applied to predict crack extension in fracture specimens having various geom-
etries and subjected to diﬀerent loading conditions. The numerical predictions are compared with
experimental measurements.3.1. Modeling the void growth process
Because the fracture specimens contain non-spherical voids, we adopt the GLD porous plasticity model
(Gologanu et al., 1993, 1994, 1995) to describe the void growth behavior and the macroscopic plastic response
of the RMV. The void geometry is illustrated in Fig. 3. The yield function of the void-containing material is
expressed asU ¼ C
r2
R0 þ gRhXk k2 þ 2qðg þ 1Þðg þ f Þ cosh jRh
r
 
 ðg þ 1Þ2  q2ðg þ f Þ ¼ 0 ð4Þwhere Rij are the macroscopic stress components, f represents the void volume fraction, S is the shape param-
eter deﬁned as S = ln(W) with W = Ry/Rx, and r is the yield stress of the matrix material. In Eq. (4), kk de-
notes the von Mises norm, R
0
is the deviatoric stress tensor, Rh is the generalized hydrostatic stress deﬁned as
Rh = a2(Rxx + Rzz) + (1  a2)Ryy, X = (2/3)ey  ey  (1/3)ex  ex  (1/3)ez  ez, where (ex,ey,ez) is an orthog-
onal basis with ey parallel to the axisymmetric axis of the void, and  denotes tensor product. The parameters
C, g, g, j and a2 are functions of f and S and the heuristic parameter q depends on initial void volume fraction,
strain hardening exponent of the matrix material, S and the macroscopic stress triaxiality factor T.
The evolution law for f due to void growth is determined by requiring the matrix material to be plastically
incompressible and derivations of the evolution equation for S can be found in Gologanu et al. (1993, 1994,
J. Kim et al. / International Journal of Solids and Structures 44 (2007) 1844–1862 18551995). Pardoen and Hutchinson (2000, 2003) and Benzerga et al. (2004) provide detailed descriptions and for-
mulation about the GLD model. Kim and Gao (2005) developed a generalized approach to formulate the con-
sistent tangent stiﬀness for complicated plasticity models. Using this approach, we implemented the GLD
model in ABAQUS via a user subroutine. See Kim and Gao (2005) for details of the numerical implementa-
tion of the GLD model.
3.2. Onset of coalescence
The GLD model provides a constitutive relation to describe void growth and the associated macroscopic
softening of the cell element. It accounts for the evolution of both void shape and void volume fraction. How-
ever, the GLD model does not supply the stress–strain relation during the void coalescence process. Therefore
it is necessary to introduce a criterion for the onset of coalescence and an equation to govern the cell behavior
in the post-coalescence regime.
In developing engineering models for ductile crack growth, a critical void volume fraction (fc) is often used
to predict the onset of the ﬁnal void coalescence process and a linear traction versus cell elongation relation-
ship to describe the post-coalescence regime (Xia and Shih, 1995; Xia et al., 1995; Gao et al., 1998b). This
approximation of the coalescence process greatly simpliﬁes the numerical modeling of ductile fracture. Unfor-
tunately, as shown by Kim et al. (2004), fc is not a material constant. It varies sensitively with material ﬂow
properties, initial void volume fraction, as well as the triaxial stress state of the cell. Moreover, in cases where
the stress triaxiality is very low, e.g., near the free surface of the specimen or in a very thin specimen, the void
volume fraction does not tend to increase much. Sometimes it never reaches the critical void volume fraction
even in an unrealistically large deformation. The (constant) critical void volume fraction criterion cannot be
applied in this situation.
In this study, we adopt the coalescence criterion developed in Section 2, e.g., coalescence initiates when the
macroscopic eﬀective strain (Ee) of the cell reaches the triaxiality and Lode angle dependent critical value (Ec).
3.3. A computational approach for the post-coalescence process
We adopt the f * function, introduced by Tvergaard and Needleman (1984), to account for the eﬀects of
rapid void coalescence at failure. After Ee reaches Ec, f is replaced by f* in the GLD model, wheref  ¼ f ; f 6 fc
fc þ Kðf  fcÞ; f > fc

ð5ÞIn Eq. (5), fc is the void volume fraction at Ee = Ec, K = (fu  fc)/fc, and fu is the f * value at zero stress. For
prolate void, fu = 1/q, and for oblate void, fu = (1 + g  gq)/q. Since AQAQUS/Standard does not provide an
element removal procedure, a modiﬁcation to Eq. (5) is needed for numerical stability. Eq. (5) is employed
until f * = 0.99fu. Then an exponential function is used such that f * gradually approaches to fu (but can never
reach fu).
3.4. Simulation of crack growth in thin panels of a 2024-T3 aluminum alloy
The numerical approach described above is applied to predict ductile crack growth in thin aluminum pan-
els. Dawicke and Newman (1997, 1998), and Dawicke et al. (1999) performed extensive fracture tests on thin
panels of a 2024-T3 aluminum alloy including tests of C(T), M(T), and multi-site damage (MSD) specimens
with crack planes in both the LT and TL orientations. Fig. 13 shows the fracture specimens. The reported data
for these tests are mostly for LT specimens and some of them have been analyzed by Gullerud et al. (1999)
using a Crack Tip Opening Angle (CTOA) criterion to govern crack growth and by Arun Roy and Dodds
(2001) and Roychowdhury et al. (2002) using cohesive elements to model crack propagation. The test data
of our interest are from LT specimens with a sheet thickness of 2.3 mm. The specimens have very stiﬀ guide
plates (coated with Teﬂon tape) to constrain out-of-plane (buckling) displacements. In the L orientation, the
2024-T3 sheet material used in the experiments has a yield stress of 345 MPa, Young’s Modulus of 71.3 GPa,
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Fig. 13. Fracture specimens: (a) C(T) specimen, (b) M(T) specimen, (c) MSD specimen containing two cracks, (d) MSD specimen
containing three cracks.
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volume fraction, shape and average spacing. It is found that the inclusion volume fraction (f0) is approxi-
mately 0.02, the average spacing between inclusions in the LT plane is about 50 lm, and in LT specimens,
the inclusions can be approximated as prolate spheroids withW0 = 4. Our ﬁnite element analyses use the mea-
sured, unaxial true stress versus logarithmic strain curve.3.4.1. Model calibration
To predict crack growth, the function Ec(T,h) needs to be determined. The results presented in Section 2
suggest that Ec is not sensitive to h when h is in the range 30 6 h 6 0. We perform ﬁnite element analyses
of the fracture specimens considered in this study and ﬁnd the h-values of the representative material volumes
ahead of the crack front are in the range of 15 6 h 6 0. Therefore, we treat Ec as a function of T only. This
greatly simpliﬁes the calibration process. Based on the results presented in Section 2, we assumeEc ¼ aðT Þb ð6Þ
where a and b are two parameters need to be calibrated using experimental data. A recent study by Bao (2005)
supports the power-law form of Ec(T) function deﬁned by Eq. (6). Bao conducted an experimental and numer-
ical study of ductile failure of a 2024-T351 aluminum alloy using diﬀerent tensile specimens including ﬂat spec-
imens, smooth round bars, notched bars and ﬂat-grooved plates and found that the equivalent strain at failure
versus the average stress triaxiality can be characterized by a function in the form of Eq. (6).
Two data points are needed to determine a and b. The uniaxial tension test provides one point, T = 1/3 and
Ec = 0.182. The uniaxial tension specimen displayed very little amount of necking at failure. So the triaxiality
ratio should be very close to 1/3. Substitution of these values of T and Ec into (6) results in a = 0.182(3)
b. The
next step of the calibration process seeks to match the model predicted load versus crack propagation curve
with the experimental measurements for the C(T) specimen. This step entails several ﬁnite element crack
growth analyses of the C(T) specimen using diﬀerent values of b.
The C(T) specimen has a width of 150 mm with a/W = 0.33, where a represents the initial crack length and
W represents the specimen width. Due to symmetry, only 1/4 of the specimen needs to be modeled. Fig. 14
Fig. 14. A quarter-symmetric ﬁnite element mesh for the C(T) specimen. The mesh near the crack front has six layers with varying
thickness to capture the stress gradient in the thickness direction. The elements directly ahead of the crack front have uniform in-plane
dimensions (Le = 50 lm) and are governed by the GLD model.
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ric solid elements (with reduced integration). The mesh near the crack front has six layers with varying thick-
ness to capture the stress gradient in the thickness direction, where the thickest elements are at the symmetry
plane. The elements directly ahead of the crack front have uniform in-plane dimensions (Le = 50 lm) and are
governed by the GLD model. All other elements follow J2 ﬂow plasticity. Loading of the C(T) specimen is
controlled by prescribing a displacement on a rigid pin through the hole.
Fig. 15 shows the comparison between the model predicted load versus crack growth curve with the exper-
imental measurements (two sets of experimental data) for diﬀerent choices of a and b, where the lines represent
model predictions and the symbols denote experimental measurements. Here Da represent the amount of crack
growth measured at the free surface. In the numerical model, the propagating crack front is deﬁned by the
elements which have reached the failure strain Ec. From Fig. 15, it can be seen that the choice of a = 0.1
and b = 0.5451 (solid line) results in the best ﬁt to the experimental data. Therefore, these values are the cal-
ibrated values for a and b and will be used to predict crack growth in other fracture specimens.Δa (mm)
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Fig. 15. Comparison of the model predicted load versus crack growth curve with the experimental measured data (symbols) showing the
choice of a = 0.1 and b = 0.5451 (solid line) results in a best ﬁt to the experimental data.
Δa (mm)
σ
R 
(M
Pa
)
0
50
100
150
200
250
Exp.(a/W=0.50)
Exp.(a/W=0.42)
Exp.(a/W=0.33)
Num.(a/W=0.50)
Num.(a/W=0.42) 
Num.(a/W=0.33) 
0 10 20 30 40 50
Fig. 16. Comparison of the model predicted load versus crack extension responses (lines) with experimental measurements (symbols).
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The calibrated computational model is employed to predict the crack extension behavior of M(T) speci-
mens. Three M(T) specimens with a/W ratios of 0.33, 0.42 and 0.5 are analyzed. The element size and arrange-
ment in the region near the crack front are kept the same as used in the C(T) specimen. The nominal remote
stress, rR, characterizes the loading for these specimens. Fig. 16 compares the computed load versus crack
extension responses with experimental measurements, showing very good agreement for all three cases.
3.5. Prediction of crack growth in MSD specimens
We now apply the calibrated computational model to predict crack growth in MSD specimens. The pres-
ence of MSD can signiﬁcantly inﬂuence the residual strength of a structure. Fig. 17 compares the computed
load versus crack extension responses with experimental measurements for a MSD specimen containing three
cracks as shown in Fig. 13(d). This specimen has the same width as the M(T) specimens considered above,
W = 300 mm. The half-length of the center crack is a2 = 50 mm. The two lead cracks have the same length
a1 = 12.5 mm. The tip-to-tip distance between the lead crack and the center crack is b = 12.5 mm. The model
prediction captures accurately the load versus crack extension curve. The cusp on the predicted load versus
crack extension curve corresponds to the point when the lead crack and the center crack link up. The center
crack in this specimen starts to grow at about the same applied stress level as the M(T) specimen with
a/W = 0.33. But in the MSD specimen, the center crack and lead cracks link up and fail at a signiﬁcantly lower
load than the single crack specimen.0 10 20 30 40
0
40
80
120
160
Prediction
Experiment
Δa (mm)
σ
R
(M
Pa
)
Fig. 17. Comparison of the model predicted load versus crack extension responses (line) with experimental measurements (symbols) for a
MSD specimen containing three cracks.
J. Kim et al. / International Journal of Solids and Structures 44 (2007) 1844–1862 1859The computational model is also applied to predict crack growth in a series of MSD specimens containing
three cracks but with various values of b. Fig. 18 compares the predicted and measured loads at which the lead
cracks and the center crack link up. The computed values and experimental data agree very well.
Fig. 19 compares the computed load versus crack extension curve with experimental records for a MSD
specimen containing two cracks as shown in Fig. 13(c). For this specimen, W = 300 mm, a = b = 50 mm.
Fig. 20 compares the computed and measured crack link up loads for a series of two-crack specimens with
various b-values. Again very good agreements are found between the model predictions and the experimental
measurements. This further veriﬁes the proposed computational approach.0 10 20 30 40
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Fig. 18. Comparison of the predicted and measured loads at which the lead cracks and the center crack link up for a series of MSD
specimens containing three cracks.
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Fig. 19. Comparison of the model predicted load versus crack extension responses (line) with experimental measurements (symbols) for a
MSD specimen containing two cracks.
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Fig. 20. Comparison of the predicted and measured crack link up loads for a series of MSD specimens containing two cracks.
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Fig. 21. (a) Finite element mesh of a pressurized cylindrical shell. (b) Comparison of the predicted and measured applied pressure versus
crack extension response.
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To study the inﬂuence of a crack on the structural response of the transport fuselage structure, Starnes and
Rose (1997) conducted a series of pressurized cylindrical shell tests. The cylindrical shells were fabricated from
1 mm-thick 2024-T3 aluminum alloy sheet, with the rolling direction orientated circumferentially. A longitu-
dinal crack is located at the mid-length of the cylindrical shell. Here we apply the above calibrated computa-
tional model to predict the crack growth behavior in the pressurized cylindrical shell structure. Although the
shell thickness is diﬀerent from the C(T), M(T) and MSD specimens analyzed above, we assume that the
microstructure and ﬂow properties of the material remain the same. The specimen under our consideration
has a radius of 230 mm and length of 914 mm. The initial crack length is a = 25 mm. Fig. 21(a) shows the ﬁnite
element mesh of the cylindrical shell. Due to symmetry of the geometry and loading conditions, only a quarter
of the shell is modeled. Ten layers of eight-node brick elements are employed in the wall thickness direction.
The element dimensions in the crack opening direction and crack growth direction are kept the same as used in
the C(T), M(T) and MSD specimens in the crack front region. The pressure load is applied on the inner sur-
face of the shell. Fig. 21(b) shows that the predicted load versus crack growth response agree well with the
experimental measurements.4. Concluding remarks
Two approaches, one uses reﬁned ﬁnite elements to represent microvoids in the material and the other uses
porous plasticity models to describe the behavior of the void-containing material, are discussed in this paper.
A distinct advantage of the ﬁrst approach is the exact implementation of the void growth behavior. It provides
an eﬀective method to study the mechanisms of ductile fracture and to analyze the trends of fracture tough-
ness. With model parameters being properly calibrated, the second approach can be used to predict extensive
crack extension in fracture specimens.
Our analyses re-aﬃrm the two distinct void growth mechanisms put forth by Tvergaard and Hutchinson
(2002), i.e., void-by-void growth mechanism for materials containing small initial void volume fractions
and multiple void interaction mechanism for materials containing large initial void volume fractions. Eﬀects
of the initial relative void spacing, void pattern, void shape and void volume fraction are investigated in this
study.
In order to simulate crack formation and propagation, a criterion for void coalescence is required. The crit-
ical strain at the onset of void coalescence depends on material ﬂow properties and microstructural properties.
It also depends on the stress state. Two stress parameters, the stress triaxiality ratio (T) and the Lode angle (h)
can be used to characterize the eﬀect of the macroscopic stress state on the void growth and coalescence pro-
cess in the representative material volume (RMV). We obtain the failure criterion for the RMV in terms of the
J. Kim et al. / International Journal of Solids and Structures 44 (2007) 1844–1862 1861macroscopic equivalent strain (Ec) as a function of T and h by conducting systematic ﬁnite element analyses of
the void-containing RMV subjected to diﬀerent macroscopic stress states. A series of parameter studies are
conducted to examine the eﬀects of the shape and initial volume fraction of the primary void and nucleation,
growth and coalescence of the secondary voids on the predicted failure surface Ec(T,h).
Using the small scale yielding, boundary layer model with discrete voids represented in the crack tip region
by reﬁned ﬁnite element mesh, the eﬀects of the initial relative void spacing, void pattern, void shape and void
volume fraction fracture initiation toughness are investigated. The results can be used to explain the observed
fracture toughness anisotropy in industrial alloys. With the aid of a node-release technique, crack growth and
fracture resistance curve can be predicted.
Finally a numerical approach is proposed to predict extensive ductile crack growth in structural materials.
The computational model is applied to predict crack growth in thin panels of a 2024-T3 aluminum alloy,
where the GLD porous plasticity model is used to describe the void growth process and a f* function is
employed to account for rapid material failure in the post-coalescence process. For the specimens considered
in this study, it is found that the Lode angles of the void-containing cell elements are in the range of
15 6 h 6 0. Consequently, the critical strain at the onset of void coalescence can be approximated as a
function of the stress triaxiality ratio only and a calibration procedure to determine Ec(T) is presented. The
calibrated computational model accurately predicts crack extension in a series of fracture specimens having
various initial crack conﬁgurations, including the compact tension specimen, middle crack tension specimens,
multi-site damage specimens and the pressurized cylindrical shell specimen.
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